
Abstract. Molecular matrix elements of a physical
operator are expanded in terms of polycentric matrix
elements in the atomic basis by multiplying each by a
geometrical factor. The number of terms in the expan-
sion can be minimized by using molecular symmetry. We
have shown that irreducible tensor operators can be used
to imitate the actual physical operators. The matrix
elements of irreducible tensor operators are easily
computed by choosing rational irreducible tensor
operators and irreducible bases. A set of geometrical
factors generated from the expansion of the matrix
elements of irreducible tensor operator can be trans-
ferred to the expansion of the matrix elements of the
physical operator to compute the molecular matrix
elements of the physical operator. Two scalar product
operators are employed to simulate molecular two-
particle operators. Thus two equivalent approaches to
generating the geometrical factors are provided, where
real irreducible tensor sets with real bases are used.

Key words: Irreducible tensor operator ± Matrix
element ± Real basis ± Symmetry

1 Introduction

A physical operator can be regarded as an irreducible
tensor operator, and the calculation of its matrix
elements can be simpli®ed using irreducible tensor
methods [1±9]. The application of the irreducible tensor
methods to atomic problems or monocentric systems,
such as atomic spectroscopy [1±3, 10], magnetic circular
dichroism [11], and the theory of ligand ®elds [12±14],
has been very successful. Regarding molecular problems,
however, di�culties arise due to the polycentric nature
of such problems, requiring application of the theory of
polycentric invariants. Fieck [15±18] constructed a
theory referred to as ``polycentric tensor algebra'', by

which the processing of the physical quantities is still
intricate. Zhang [19] provided a simple ``group overlap''
method, by which the matrix elements of one-particle
operators can be easily reduced. In fact, a more common
scheme to present Fieck's [15] and Zhang's [19] treat-
ments is that be described below.

In general, a molecular matrix element M�i� of a
physical operator, which usually is expressed in the
molecular basis constructed from linear combination of
atomic orbitals, can be expanded in terms of a set of
physical factors fA� j�g and geometrical factors fC�i; j�g
by

M�i� �
X

j

Z� j� � C�i; j� � A� j� ; �1�

where Z� j� is the numbers of matrix elements of jth set
of symmetry equivalent matrix elements. Here we use i
and j as the sets of indices for clarity. The geometrical
factors fC�i; j�g only depend on the molecular geome-
trical skeleton and symmetry. The physical factors
fA� j�g usually are the matrix elements in the real atomic
basis. The simpli®cation of calculation of the molecular
matrix elements fM�i�g thus depends upon how to
classify and compute the geometrical factors and the
physical factors. In this paper, we treat only the
generation of the geometrical factors.

One can ®nd a real irreducible tensor operator to
imitate the actual physical operator, and expand its
molecular matrix element, which is expressed in terms of
irreducible bases belonging to the symmetry species of
actual orbitals, as

L�i� �
X

j

Z� j� � C�i; j� � R� j� ; �2�

where the geometrical factors fC�i; j�g are the same as
those in Eq. (1). By choosing rational irreducible tensor
operator and irreducible bases, the matrix elements L�i�
and R� j� can be easily computed. The geometrical
factors fC�i; j�g thus are generated by Eq. (2), and can
be transferred into Eq. (1). Then, the molecular matrix
elements in Eq. (1) can be computed by using the
geometrical factors, if the corresponding physical factors
have been computed.
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This scheme can be used to simplify calculations in
many cases. For example, the molecular matrix element
of a two-particle operator must be expanded in terms of
four-center integrals in the atomic basis. The processing
of a lot of four-center integrals is a serious di�culty
encountered in quantum chemical calculations. Al-
though many symmetry techniques [20±35] have been
employed to simplify the calculation of the matrix ele-
ments, few incorporate the irreducible tensor methods.
In the present paper, we employ real irreducible tensor
operators to imitate molecular two-particle operators,
by working along the routine described above. Two
equivalent treatments are provided.

2 Two-particle interaction operator

In order to utilize molecular symmetry, we will express
the matrix elements of a operator in the symmetry
orbital (SO) basis. Each SO, denoted by jCc�nlm�i,
belonging the symmetry species �Cc� of the point group
can be constructed [19] from the linear combination of
atomic orbitals (AOs), i.e.

Cc�nlm�ij � 1

g

X
pk

p nlmkihp nlmkj jCc�nlm�i ; �3�

where p indicates the pth atom and l and m are the
quantum numbers characteristic of the angular depen-
dence �Y l

m� of the atomic basis function. The third
quantum number, n, represents a di�erent function on
each atom of a given l, m. For the sake of clarity, we will
not write out the third quantum number n again. Here
we mean that each sum over l, m also run over n. k � c
(or s) indicates that the angular part of the AO behaves
like a cosine (or a sine) function. The normalization
factor g may be chosen to be unity for some cases such
as the ligand group-orbitals of coordination molecules.

The matrix elements of a two-particle operator are
expressed in terms of two-particle functions which can
be constructed as the coupling function [5, 37] of the
one-particle functions in Eq. (3), i.e.

j C1;C2� � bCci �
X
c1c2

C1C2c1c2jCc� �b�jC1c1ijC2c2i ; �4�

where b denotes the multiplicity index of the irreducible
representation C that occurs at all direct products
Ci � Cj that includes C. When the matrix elements
possess the symmetry of interchanging its bra and ket, b
denotes the multiplicity index of C that occurs at all
symmetrized product �Ci � Cj�.

Similar to Eq. (1), the matrix element of a two-par-
ticle operator Q�1; 2� can be written in the symmetry
coupling basis as [35]

M�Cab� � C01;C
0
2

� �
aCc Q�1; 2�j j C1;C2� �bCc

D E
�
X
(

Z�(�
KC

CCab
( A�(� ; �5�

where KC is the dimension of the irreducible representa-
tion C, and Z�(� is the size of a set of equivalent

standard four-center integrals, each set being labelled by
the symbol ``('', which is a collection of indices, i.e.

( � p1n
0
1l
0
1m
0
1k
0
1; p2n

0
2l
0
2m
0
2k
0
2; q1n1l1m1k1; q2n2l2m2k2

ÿ �
:

�6�
The physical factor A�(�, referred to as the ``standard
four-center integral'' [19, 35], is the matrix element of the
operator Q�1; 2� in the real atomic basis, i.e.

A�(� � hp1l01m01k01; p2l02m02k02 Q�1; 2�j jq1l1m1k1; q2l2m2k2i0:
�7�

The geometrical factor is de®ned as:

CCab
( �

X
c

D
C01;C

0
2

� �
aCcjp1l01m01k01 p2l02m02k02

E0
�
D
q1l1m1k1 q2l2m2k2j C1;C2� � bCc

E0
: �8�

In Eq. (5), the sum only runs over the equivalent sets
f(g, or over the symmetry non-redundant integrals
rather than over all integrals. It is obvious that the cal-
culation of the two-particle integrals and the transfor-
mation of the integrals from AO basis to SO basis, are
simultaneously reduced by Eq. (5). In the next section,
we use the irreducible tensor method to derive the rela-
tion to calculate the geometrical factors.

3 Scalar product operator

According to the scheme described in Sect. 1, in order to
calculate the geometrical factors in the polycentric
expansion of the molecular matrix element, we can
choose ®ctitious operators and bases to replace the
actual operators included in the molecular Hamiltonian
and the actual bases, respectively. Because all terms that
appear in the molecular Hamiltonian are scalar
operators, the two-particle operator thus can be
simulated by the following scalar product of the
irreducible real tensor operator:

T k�1� � T k�2� �
X
mk

T k
mk�1�T k

mk�2� ; �9�

where the irreducible real tensor operator is

T k
mk �

�������������
4p

2k � 1

r
Y k

mk ; �10�

where, in turn, the real spherical harmonics Y k
mk is

constructed from the complex spherical harmonics in
Fano and Racah's (F-R) phase convention [2] or in
Condon and Shortley's (C-S) phase convention [3] by a
unitary transformation [19, 36, 37]:

Y k
mk � g � 2ÿ1

2�dm0�1� �ÿ1�mY k
m � �ÿ1�kY k

�m

h i
g � �ÿi�k�k for F-R conv.

�ÿi�k for C-S conv.

(
; k � C � 0

S � 1

�
: �11�
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Similar to Eq. (3), we can construct the symmetry-
adapted functions of the molecular polyhedron as the
following linear combination

Y j
Cc �

1

g j
C�m�

X
pk

Y j
mk�p�h plmk Cc�lm�ij ; �12�

where g j
C�m� is the normalization factor called ``group-

overlap'' [19]. The coe�cient hplmk Cc�lm�ij is same as
the coe�cient in Eq. (3). The symmetry coupling
function corresponding to the left-hand side of Eq. (4)
can be constructed as

Y j1
C1
; Y j2

C2

h i
aCci

��� � 1

gj1
C1
�m1�gj2

C2
�m2�

�
X
p1k1

X
p2k2

Y j1
m1k1
� p1�Y j2

m2k2
�p2�i

���
� h p1l1m1k1 p2l2m2k2j C1;C2� �aCci : �13�

The matrix element of the scalar product operator in
the symmetry coupling basis can be expressed as

L�Cab� �
D

Y
j0
1

C01
; Y

j0
2

C02

h i
aCc T k�1� � T k�2��� �� Y j1

C1
; Y j2

C2

h i
bCc
E
;

�14�
which here is referred to as the ``left matrix element''. By
the same procedure of deriving Eq. (5), we obtain a
formula to show the symmetry reduction of the ``left
matrix element'' as follows:

L�Cab� � 1

G

X
(

Z�(�
KC

CCab
( � R�(�: �15�

The factor G in Eq. (15) is the product of four group-
overlap integrals, i.e.

G � g
j0
1

C01
�m01� � g

j0
2

C02
�m02� � g j1

C1
�m1� � g j2

C2
�m2� : �16�

The matrix element on the right-hand side of Eq. (15),
referred to as the ``right matrix element'', is

R�(� �
D

Y
j0
1

m0
1
k01
�p1�Y j0

2

m0
2
k02
�p2� T k�1� � T k�2��� ��Y j1

m1k1
�q1�Y j2

m2k2
�q2�

E0
:

�17�
It should be noted that these spherical harmonics are

de®ned at local coordinate systems with a common
origin. Each local coordinate system has same orienta-
tions as the corresponding atomic local coordinate sys-
tem at which the actual atomic orbitals are de®ned.
Because the geometrical factors only depend on the an-
gular part of the basis functions (or the orientations of
the local coordinate systems), the geometrical factors in
Eq. (15), referred to as the C coe�cients [19, 35], are the
same as those in Eq. (5). Equation (15) indeed involves a
set of equations. All geometrical factors in Eq. (15) form
a matrix which can be generated by resolving the set of
equations, as long as the values of the ``left matrix ele-
ments'' in Eq. (14) and the ``right matrix elements'' in
Eq. (17) are obtained. In the subsequent paragraphs, we
give two ways to calculate the two kinds of matrix ele-
ments.

3.1 Procedure one

Employing the scalar product operator de®ned in Eq.
(9), we ®rst calculate the ``left matrix elements''. The
coupling function of the molecular symmetry group H
can be expressed in the coupling basis of the three-
dimensional rotation group SO3 by [14, 38]��� Y j1

C1
; Y j2

C2

h i
aCci �

X
jc

�������������
2j� 1

KC

r
j1 j2 j

C1 C2 cC

� �
�
���

Y j1 ; Y j2
� �

jcCci : �18�
On the right-hand side of Eq. (18), the second factor is
the 3-jm factor [38], or the normal coupling coe�cient
[14] for the group chain SO3 H. Here, it is necessary to
emphasize that the 3-jm factors are identical for both the
real bases and the complex bases [14, 37]. Substituting
Eq. (18) into Eq. (14), we obtain a formula to calculate
the ``left matrix element'', i.e.

L�Cab� �
X

jc

2j� 1

KC

j01 j02 j

C01 C02 cC

� ��
� j1 j2 j

C1 C2 cC

� �
�
D

j01; j
0
2

ÿ �
jcCc T k�1� � T k�2��� ��� j1; j2�jcCc

E
; �19�

where the matrix element of the scalar product operator
can be computed by the following formula (cf. Eq. (37)
of Ref. [36]):D

j01; j
0
2

ÿ �
jcCc T k�1� � T k�2��� ��� j1; j2�jcCc

E
� �ÿ1�j02�j1�j�k j01 k j1

j2 j j02

� �
�
D

j01 T k�1�

 

j1ih j02 T k�2�

 

j2
E
; �20�

where the second factor is the 6-j symbol of the group
SO3 [39]. The reduced matrix element of the irreducible
real tensor operator is same as the reduced matrix
element of the irreducible complex spherical tensor
operator in the F-R phase convention [36, 37].

Now, let us consider the ``right matrix elements,'' i.e.
Eq. (17). Because the real spherical harmonics are de-
®ned in di�erent local coordinate systems, the right
matrix elements cannot be calculated directly. However,
these local coordinate systems have a common origin.
Hence, they can be rotated, by Euler angles Rp �
�/p; hp;xpq�, into a common coordinate system such as
the molecular coordinate system, while the real spherical
harmonics transform in accordance with

P Rÿ1p

� �
Y j

mk p0
ÿ � �X

~m~k

D j
~m~k;mk

Rÿ1p

� �
axes
�Y j

~m~k
�o�

�
X

~m~k

D j
mk; ~m~k

/p; hp;xpq
ÿ �

axes
�Y j

~m~k
�o�; �21�

where the matrix elements of the rotation related to the
real basis can be calculated by using the matrix elements
of the rotation related to the complex basis by some
relations [19, 37]. The value of the ``right matrix
element'' in Eq. (17) is not a�ected by the rotations.
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By using Eq. (21), the ``right matrix element'' can be
calculated by

R�(� �
X
~m0
1
~k01

X
~m0
2
~k02

X
~m1

~k1

X
~m2

~k2D
Y

j0
1

~m0
1
~k01

Y j1
~m1

~k1
T k�1� � T k�2��� ��Y j0

2

~m0
2
~k02

Y j2
~m2

~k2

E
� D j0

1
�

m0
1
k01; ~m

0
1
~k01

p01
ÿ �

D
j0
2
�

m0
2
k02; ~m

0
2
~k02

p02
ÿ �

D j1
m1k1; ~m1

~k1
q01
ÿ �

� D j2
m2k2; ~m2

~k2
q02
ÿ �

; �22�
where the matrix element of the scalar product operator
isD

Y
j0
1

~m0
1
~k01

Y
j0
2

~m0
2
~k02

T k�1� � T k�2��� ��Y j1
~m1

~k1
Y j2

~m2
~k2

E
�
X
mk

D
Y

j0
1

~m0
1
~k01

T k
mk�1�

�� ��Y j1
~m1

~k1
ihY j0

2

~m0
2
~k02

T k
mk�2�

�� ��Y j2
~m2

~k2

E
: �23�

On the right-hand side of Eq. (23), the two matrix
elements of the one-particle real irreducible spherical
tensor operator in the real spherical harmonics basis can
be computed by using the real version of the Wigner-
Eckart theorem [36, 37] which requires the real 3-1
symbols [37] derived from the 3-j symbols [39].

3.2 Procedure two

In an alternative procedure, we adopt a new scalar
product operator rather than the operator in Eq. (9).
The new operator is de®ned according to the irreducible
basis of the point group, i.e.

T kP�1� � T kP�2� �
X

q

T kP
q �1�T kP

q �2� ; �24�

where the superscript k denotes the irreducible repre-
sentation of the group SO3, and P the irreducible
representation of the point group. The sum runs over the
real components of P. Here, we neglect the multiplicity
of the k-P branch for the sake of clarity. The irreducible
tensor operator of the point group can be obtained from
the irreducible spherical tensor operator of the group
SO3 by a unitary transformation, i.e. the symmetrization
of spherical harmonics [37, 40±44]:

T k
Pq �

X
mk

Sk
mk;Pq � T k

mk ; �25�

where the real S coe�cients can be calculated by some
close formulae [37]. Although the new scalar product
operator results in new ``left matrix elements'' and ``right
matrix elements'' di�erent from those in Eqs. (14) and
(17), the same geometrical factors (the C coe�cients) will
be obtained.

Now, by using Eq. (4.50) of Ref. [14], the new ``left
matrix element'' can be calculated by

L0�Cab� � �ÿ1�C1�C02�P�C W
C01 C02 C

C2 C1 P

� �
� h j01C01 T kP�1�

 

j1C1ih j02C02 T kP�2�

 

j2C2i ; �26�

where the phase factor is caused by the exchanging of the
columns of the V coe�cients of the point group. The
second factor in the W coe�cient of the point group [5,
14] (or the 6-j symbol of the point group [38, 39]). The
reduced matrix element of the operator in the real basis
of the point group can be transferred to that of the
group SO3 as follows

h j01C01 T kP


 

j1C1i � j01 j1 j

C01 C1 P

� �
� h j01 T k



 

j1i ; �27�

where the ®rst factor is the normalized isoscalar factor
[14, 38] for the group chain SO3 H.

The new ``right matrix elements'' can be calculated by

R0�(� �
X
~m0
1
~k01

X
~m0
2
~k02

X
~m1

~k1

X
~m2

~k2D
Y

j0
1

~m0
1
~k01

Y j1
~m1

~k1
T kP�1� � T kP�2��� ��Y j0

2

~m0
2
~k02

Y j2
~m2

~k2

E
� D j0

1

m0
1
k01; ~m

0
1
~k01

p01
ÿ �

D
j0
2

m0
2
k02; ~m

0
2
~k02

p02
ÿ �

� D j1
m1k1; ~m1

~k1
q01
ÿ �

D j2
m2k2; ~m2

~k2
q02
ÿ �

; �28�
which is similar to Eq. (22), but the matrix element of the
new scalar product operator isD

Y
j0
1

~m0
1
~k01

Y
j0
2

~m0
2
~k02

T kP�1� � T kP�2��� ��Y j1
~m1

~k1
Y j2

~m2
~k2

E
�
X

q

X
m1k1

X
m2k2

Sk
m1k1;Pq � Sk

m2k2;Pq

�
D

Y
j0
1

~m0
1
~k01

T k
m1k1

�� ��Y j1
~m1

~k1

ED
Y

j0
2

~m0
2
~k02

T k
m2k2

�� ��Y j2
~m2

~k2

E
�29�

3.3 Equivalence of the two procedures

The scalar product operator in Eq. (9) is related to the
new scalar product operator in Eq. (24) by

T k�1� � T k�2� �
X
bP

T kbP�1� � T kbP�2� ; �30�

where b indicates the multiplicity of the k-P branch, k
and P being the irreps of the group SO3 and the point
group respectively. Therefore, we have the relation
between the two left matrix elements

L�Cab� �
X
bP

L0�Cab� : �31�

Substituting Eq. (30) into Eq. (14) and employing
Eq. (26) and Eq. (27), we obtain a formula to calculate
the left matrix element as follows:

L�Cab� �
X
bP

�ÿ1�C1�C02�P�C

� W C01 C02 C

C2 C1 P

� �
j01 j1 j

C01 C1 bP

� �
j02 j2 j

C02 C2 bP

� �
�
D

j01 T k�1�

 

j1ih j02 T k�2�

 

j2
E
: �32�

One can see that Eq. (32) is equivalent to Eq. (19).
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We now show that Eq. (28) is equivalent to Eq. (22).
This is just the equivalence of Eq. (29) and Eq. (23).
Summing Eq. (29) over the multiplicity indices fbg and
the irreducible representations fPg and their compo-
nents fqg of the point group H , and using the ortho-
normality of the real S coe�cients [37]X
bPq

Sk
m1k1;bPq � Sk

m2k2;bPq � d m1k1; m2k2� � ; �33�

we arrive at Eq. (23). This shows that the two procedures
are equivalent.

4 Conclusion

The irreducible tensor method provides a useful tool for
the calculation of the molecular physical quantities. The
theory of the irreducible tensorial sets was extended to
the irreducible real bases of the group SO3 [36, 40±44]
and the point groups [5, 37]. The present paper shows
that the real irreducible tensorial sets can be utilized in
the processing of the molecular quantum mechanics
problems. The monocentric theory of the irreducible
tensor method is extended to the polycentric form for
polyatomic molecules. The symmetry of the molecule
can be employed to reduce the calculation of the
molecular matrix elements, as well as molecular physical
quantities [45±47].
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